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Introduction and Motivation

· In mathematics we are intersted in defining structures over set

For
eg vectorspace (V, +, ) group (G

,
% and fields (F, +, ) are all

structions .

Here the structure given to the set is of a (or multiple map.
You example in case of vector space we have two makes to V X = V

and ·: FXV- v

·

Topology is also provides a structure on the set. But unlike the previously
discussed structures topology is not a map but it is itself a set.

· But
why Topology ? We want to generalize the nation of convergence of a

sequence or continuity of a map from
*

to a general st. Now these notions

depend on

6

open intervels/open balls" For
eg f(x)

is continuous at x if
(ii)

for any
x

, lying in open intow (o-E, xo+) 75 st . f(u) his in (f()-S, f(+s

Topology generalized the idea of open intervels/open ball to open sets.

Topological spaces
Def :

Ent X be a set
.

A topology on X is a set TIP(X) such that

1. ET and XET

2 If U
,
VET ther UnVET

3. If [VaBaenET there U ET

The pair (X,

T) is called topological space.

Given a topological space (X,
T) o subset of X S&X is said

to be open if SET and closed if XIS ET

So openI closed set are defined w
. r. t. a topology

In general , a set SXX can be

↳ both openIclosed

2. open but not closed

3. closed but not open
4. neither open nor closed.
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Standard Topology on R

UETsdinkpEU Ir ERT : Br(DU

here Br(x): = [yER) (yi- < e]

Claim : (R
,
Tred

,

R) form a topological space

Proof 1 ↓ E Tota
,
R

CH . W)
as F ........ So statement is vacuouslyte

False

2 .

ME Tsta
,
ir

as

any for any
ER

,
Br( GM

3. Let U
,

V E Tota

Set peUlV E pEU and pEV
=> Jr

,
SERt : Balp U & Bolp) &V

Let x = min (r
,
s)

So Ball U & Ba(p Ev

=> Ba(p) UlV

: For PEURV JERt : Bel -Unv

=>UnV E Tstd

4
.

O =W
Let peo -I BEA : peUp

As Up ETaFrert : Br(pUp
=> Br (p) = 0

Hence OETstd



Continuity : (X
,
TX) and (Y

, T1) are top space
&: X - Y is a map

& is continuous iff XVET1 : premp(V) EX

4
ExcX)b(z)EV]

i. e. a map is continuous if
preimage of open sets is open

Egp : X - Y ↓ Always continuous
J

3Tx =S(X)
n
- Ro: R : This gives the our known defof continuity↑Total

,
n Tste

,
m

Homomorphism - Let 0 : X-Y be a bijection. Equip (X
, TX)& (Y, )

↓ is a homeo iff↳ 1
. 6 : X-Y is continuous

2. I : Y-X is continuousbijective ,

bicontinous

Homeos are structure preserving maps in
topology

. They provide
Xa one to one pairing of open sets of X with open sets of

If a homeo exist bu (X
,

TX) and (Y
,
TX) then (X , TX) Etop (Y,

T,

Subset Topology (X
,T) Proof that Tip is inded atopology

Let Ac X ! pete fla e Tia = PETIA

Ta := EuralueT3EP(a) 2. XeTe XMA e Tia= A ETya
-

3. u
, vetia ej, Et : v = Urais induced Topology onAby X

&

=> unv =V = unA

-

wET
=> unv = trae unve Tha

4. Similar proof for unions

Convergence
A

sequence (i.

.e. a map q
: N-X)

on a top space (X
,
T is said to

6

xEX ifconverge against a limit point
FUEXJNEN : m >Ng(n) Er

U
-

forallopen sets containg a calso called open neighbourhood of a



(R ,
54

, M3) - Any sequence converges against every point
.Eg

.
So

we see that limit point as defined above

may
not be unique

But in physic (to atleast have some notion of reality left)we need a unique lint point
If Sequence is convergent)

So we only deal with topologies in physics which are "Hausdoff'

Hausdorff (T2) : (X
,
T) is Hausdorff if for any

two points there

exist nor intersecting open naghbourhood of these two points -

Xp, q
EX = p +q=UEET : UV=

Notethat all commergent sequences in a Hausdorff topology have a single lint point
(Proof is trivial & left as an exercise to the reader)

Compactness
A topological space (X

,
T) is called compact if every open cover C has a

finite subcover

Open Coven : CET is called an open cover if UC = M

X &

Curious of open sets in 2)

(so
is a collectionof)

open sets

Finte subcover : is a cover st.inte
. . e. from a cover C take out elements so that remaining still union

to M
. If the remaining set is finite it is called a subcover

We will not use compactness in these lectures but it is used a

lot in physics and so I have defined it here.



won't discuss this propetyStisaverya-nation of compactness
will encorter in physics are paracompact.

-





Example -

on Trajectories in Physics

In physics we one across raps like trajectories U : RM
.

Saytrunoae
We require these trajectories to be continuous

Repos 1 - vis continuous as a napb (R
, OSE

,

/M
,

0
.)

But
we have never done this till now.

Instead what we do -

We just consider a portion of M (an open subset u

What happens f weshift
our

310 ed coordinate system toy
M

&yoRx
premierem↳ -4op

fe
ac ed

↓
we talk about continuity of But why is this justified?

-this map as a map from R-R& It looks like here our

(i . e . we choose a coordinate systre Physical reality is coordinate

first
dependent

Now see
, you

= (y -
x) - (x -x)

- -

Coordinate map on which we discussed continuity
change nap which

are continuous for top. Wanifolds
As composition of two continuous maps is continuous . We see that

yo
is also continuous & so our physical reality is not coordinate dependent

Gi . e
.

we could choose
any

coordinate map & discuss continuity or so and

dueto chart changing map being continuous
, any you

will also be continuous

But now if we want to discuss about differentability we cannot do so

without discussing about differentiability on

y
· x"which is not implied by our

structure of top. manifold. And if we ignore differentiality on coordinate change map & just
talk about differentability on or then our physical reality will become coordinate dependent

More on this in the next Lecture


