
lo Dual space and bra 

Supose we we are, re, qiven a vertor spuce V 
defin ed oveyp a feld FR or 

lincar operators 2: V’F. The 
such 2's satisty the vector spare axiom s, Su 
this colle etion of all 23 sçeh that 2:V’F 
itse lf forms a vector space. 1t is colle d the 
Dual spaee of V and denoted by v, 

C). Take all the 
ellection f all 

Suppore we have a vectur feld V defihed over 
C. Take ony vec tor, ]), from it. It has on 
associ atod dual' or bra? with it, defined 

the operotor NiVC St. 

[) is the is the inner pruet of v n 

Cleorly, e is an element of v*. 
2is also deno ted as Xvl. 
y* is alss eafled the correspondinq bra space 

0f the ve etor or het' Space V. 
This. bra and ket formalism is due t Dirac. 



Ba sis for Dual space 
Con s der that r ve ctur spuce V has,a 

orthon orn a bosis le), lez) g l »)?. we coin 
that set f it, duos ) 
provide a basis for v*, 

e 

Sinee 

Take any vetor lv)e V and suppore 

el, (ez), .**2 

hojce of V's ae rbi tr oy, the actin f 
u dep k.on the arton of 2 on 

Suppose Je= a , where 
Then, = Tyikel , be cause 

le=s(le) 

each 



G Matrix representution of bra: 

Non, Suppose l)=2 je ond IF>=Ifle) 
)=Zel vi cleorly, 

And, (vls)= Z vifi 

SO 

tation f . 

is cluma matrix refresen tà ton f I 

So, (v) is the transpos e 

Key take -oway 

on a 

lo)e V. 

fn 

VA) is the ruw matrix re,r esen -

ba' acing We can view inner product aS a broa 
'ket?, 



G Bra fol ove d by ket qjues a scalar Cnper froduct 
O ket follewed y bra gives 

O Nte 

w,* W 

cleo+ly, I =Pl) (e:l 

n perator (outer 

(Weity) 

produiy. 

The operatvr P= lei><el is the ¿th Proje rtor opera tor) 

Thus, (A Bi = <i 



J 2|v) lQv) then he qerotor tht 

(2v <vot (NoTE the order) 

ExQ3 Matr1x corre spundins to 2? is the 
trnpuxe conju gate of l,ie. 

HINT Expund every thing in terps motri 

lermrban ond Anrti-herwtion operutur 
O An operatur 2 is hermitan f N= 2t 

O An operatyr 2 is onti- hermibon -f 2 =-2. 
Unitory oqeretu? 

O An eratur U is unitory if wt = uu= I 
Th An operatur U is Uni tory iff it pr e seves 

ihner product 

Suppure U act on all lv> uf V 

=lylutulv) 
True for cl) lv lv) eV iff utU=I. 



Thm 
bases then 

A is a tronsfomation matrix of orthonorma 
A is woitry 

Norona operatore 

(ea|A'Ag|) 

AA" = I . Sailaly AA =I. Thus, A is i ty. 

N is normalf NN = NtN. 

Cleoly, Eaeras 

Hermtan, Anti-hermition and unitory opera tors 
are norma operator s 



Basis tronsfor mortion: 
Suppose we transform trom one orthono rmol basis 

the 
Unitoy opersto A 

Suppose Vectur l) is express ed in the eorlier bass 
a aud tho tronsformed basis fi), , Jt»)3 

as fallons: 

Whot is the relabun betwe en the od and tran sformed 
coovdinates? 

Newg yle) =H) 

Since the basis in orthonormodo So each torm in 
braçket is zero. 

So, it v then V= Av 
’Av= AA 
2v=Atv Unitaryso 

AATI) 



What abaut transtorrma t0 f operotur motrix ? 

Sugose .: v-’v. 

Now, supOse in 
basis 

reprerentatjon , the notix of 2 is 2. 

Theh, V= W, where V and w are tho coumn 
matrices of old co o rdina tes, 

f modified courdinates of the vector ore the column matriecas 

re 
and w then, 

v'= Atv ’v= Av 
w'=A N ’ W= Aw' 

WoRD oF CAUTIoN 

Thus, matix chonger trom nt AnA, 

The vect and operaturs ave abtract objecty that 

have a partie ular repres en tabon in a giVen orthonorna 

basis. The representaton ehonges when we shift tie 

basis. The abstract objeets 'reman the same. 



Eigenvalues and Eiqen vecturs: 

w is ealled an 
eigervector. 

SOme 

Asoritg 

eigenvalue and 1 the correspunding 
an arbitrory scalar, 

Thus, al) ir also 
All eigen veetors correspon din g to 
form an eije ipace. 

If dim = l, it ia non- deqen erate. 
If dim >l, it is degenerate. 

Thur, |-wI=0. 

(t 1-) 

cotrespon ing eijen vector. 
eijenvalue an 

(2-wI) existr, oper oting it on both sjdes 
)= -u 1, inpussible since ly l. 

chora ctujstit ea" fir deternining 8ger valu es. 



let A -(7 4 
-5-7 2 
-7 4-2 

> (s)(a- ) + 14=0 

9=-3,2 

-5 2 

i. Eiqen veetors ore 

-5t 2y = 2% 

fird ig eigonsbes and ayonentore 

i.Eijervetory Ore 

tis an a btamy seolar. 

orbitry scaar. 



Ex Consider S2= 

2- 62, (Degenerote) 

Cre andin�  gon ve ctor = 

we 
egenspa ce. 

220 

-+2 0 

The contitions EK hf n=2 nd y= arotry 

defines ensemble uf vee tirs ortheqon 
Two-fold degeneracy Jeads ur to two- dimen son 

X-7= 0 

eon take two ortogoned eigenvetor 

t| -

to 

we hove prosucet 3 artho qonet gerve ctors, 
tte domo R. 



Ex s).(ag-) 

)-4) +|=o 
-6t9o 
-

4 t , ‘ 

eiservee tr oF the form t) t doesr't ..Only one 
span the omon R. 



Oro the 

o 

red. 

eijenvalues 
Feld ir C), whot 

eigen vectory? 

ThmAn operator is Hermitian tf it eigenvalues ae 

’(ul2-2w o 
2= Nt ie. lis hermi tn (Prove 



Thm Eiqenve cturs of hormad qperatur with Jigtine: 
eigen values ore ifferent. (Poquir es Pruve if N is 

Diaqonalization 

Spectral the orepm : F N is 
NN = NtN then an 

is iagona. [N: v 
PA The nth degree polynanis 
one solution e C. 

v 

then 

evqen basis in which N 

:. N= 

JN- =0 must have 

nxn nornma motrix, ie. 

sub 

M 

to 

Sugfore a solution is Let corresqon dng 
ergenve ctor be |e. N|)= 22). 

e2' have at least 

Consider the vector pace to ]). 
Suypose 12 a hemali zed to unity ) =o. 
If a basis of 

= (M ale) 
Since N is normed, N]2)= l2 

le,,le,-o 

=0. 

then 

Mt 



Sos 

NNt= 0...o 

NN = NtN MM= MM,i.e. 
M is also norma. 

MM+ 

We proceed in this man er dwe 
or tho rmal bast of eiqen vectos ot Nin whih 

N=diag (2, 22... . , An)Asy, An are te 

nurm 

Zable. 

Thm: H two,oper ators are.com muting 
Ae= ^, ther they sinul tune ou-ly ingona 



Solving a physical isyr tem with eienvecturs 

respectively 

Consider the spring- na ss system above. Suprse the blocks ae 

displaced by , and trom their equii briupn positon 

Usitg 

Thus. 

Now 

m 

Newton's laws, we can 

2 

k 

2 

can shaw (Exereisel) that 

6)) ) *) 
OUserve thot () has been expressed in the basis 

to wnity 



Thus, in ne w basis, 

Atels us that we can ieq/Ne yond n to be 

in dep en dent hom anie 0slTatorg Snce j'= -hy 
ore cmple tely 

indepen den t ef 'eah otherSo, it the syctem is lett 

in a pure stote a(-tH), that is both move 

omaun) ,it will Leep oscllotiny like 
left in a pwe ctte ’’ by same 

this. Sinilarly, f 

that is they 
also kee? 

Our famili ar simple SHM 
equntion, 

meve 

it 

Algebra! 

like this. 

These are the n or m mudes 

same anO unt, it w 

Thus we reduced o system of coupled ssellator to a 

system of simpler, onrouyled osalators sng Lineo 



T fnrte Din ensionol Voctor Space 
We have a contn uous line 3, asd at e acy 

vadue of , Value of functon f) is speeitied. 
We cn approxinate f in a range [°,7 y toking 
large ne. 0f diserete points 

Then, H= f(*1) 

Basis veetors 

each poin t. 

Tnner product e (flg> 

So, we 

b 

2 

re -define, 

and 

ai) < I (cempleten e s) 

plce, 

(orthogen ality) 

)g() 
When ne tend noocant Jimit), it aPro a eh es 
infini ty. So, 

as n’ o, 



The tompleten ess crjteria leads to 

But, nla)- 0 when x 

<nj a= (a-a) oirsc delta funetbion 
Jfrope tj es: 

d) = -) 
dax) = - -a) 


