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@Dual gpace and bra -

Suppose’ we are, given o vector space V

Jefined over a field F (R or L). Toke all the
linear aperators 2. V—F. The

such ' SOh'Sfy the vector space axioms, &,
this colleetion of all Q's slch that LV F
itself fams a Yector space, [ s wolled the

Dual spaee of V and {enoted by V*,-

ce)l e ction of ol

Suppore \we have o vector field V defined over
C. Take OYU vector, \V>aﬁ”0m it. It has o

onScoel atod cducd’ or ‘bra’ with It , Jehined os
the operotr N:v—o ¢ <y,

Ol =Lvif) W e v,

[(v]-f) IS the inner prduet of ]V> M-J

Clearly, Q is on element of V*.
QL is alse denoted ds Kv|.

\J* is odee cadled ‘tbQ QOrresponJ{nj bra Space
of the vector or ‘ket’ gace y,

“ Th;s. bro- and ket formalism i< due v Dirac.



e s |
Basis for  Dual Space - \

Cons'der that e yectur Spuce V h“S oN\N
owthon vr \ms;s fe,),\ez), ,]p,,>j \Ne cloiv
HAGISEE of il duels 3y 1+¢; (R liceap )ty éan/j.
Provule o basis For Vo :

- Cuppose L € N* and 50 22 VL.
Toke any veltor Jv>e Vi and Suppere

\vp = 2‘ V; | e

Sl')v‘);-z‘ﬂ\;; Je) .

,:ZVL(_(L]e?)

Cince 0w choice of Vi’s are wrbitrory, the achin of
Sl aon )\’> dtpenfk.On the aehiln of QB n eoadh

‘e?’ C:l'l. ceigh

SUﬂMse

,0._]6‘?'-'—‘ 0 o where .q‘-_ e ¢ for [-’-/,23-~-)n_

'((’j[ \)e‘cm',tse o

‘ = ?j:’ o (?jl e i>
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8 Modyix  representution i .
Sppose  g)v) = F“’> ["(é g |
Tha, Lav| = (k.
7 Gy = aglvy
| 2 Kl 9 = “Ualgy [m'nj mjuj“ﬂ)
PED = Qi) lgy v lave V.
28 (el= Gt [Pred]
e | V)= ST e) ond |F) = chlﬂ>
Clearly, (v)= 2 B Ceof vi*
And, (v[f> = 2 vih |

¢ 5
w Mhe! yroduc{' s ~ ‘bra? oCbU
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@ Bro Fllowe ¢ 5\7 ket 3ive: ~ ccalar (Nper froduc_y.
o ket Followed by bra gives M perator (outer produc

O Nyte =
o = 2 e eV
& (?Ie) (e;l)l”)
clely, L= T Jey Cec| (¥4
The ,ép-ér-.afw p. = [e-?(&l is the it Projectar operaly)

Thus, (A9 ;: = <ei|heley = {e|nTele
: (A)J | , | : =Lef A (?’ﬂ)(e.g B ]g—->
=T (&:| ajecylec|ales

<




[P

I QY |gw) then the gerofor thek
Trontfume o b 0y IS 27 (o dyont of . 51).

<_Qv{ -; <Vlﬂ—+ (NOT‘L the Ordgij'

.l LE: 8 Motnx COrrMpondinj 40 _Qf /s f'hQ*.
franguse conjugate of N, ie. arly = 1y

EINT'-’ Expang everjtb{nj in terms of motrig
Rl

= A ot
“ Lﬂerm'rb'u\ ond Anti-hermetion Opehu’cmrn
) O An operater ) is hermbon /f =7 |
U An operatee L is onti- hermitan -f L = 010
ﬂTnich;, operotur'] .
- %M sperater Vs uni’cw:J jF Wt =Ury =1

Thndr A %"fh’r ‘\U 1§ \Mihnj ;f-f It prese)ve_§
/\’r = \

Qopwre U acks on ol W of V.

-




’ @ @ 1A s a tronsfomation matnx of orthonormed

boses then A & \Lm'tm:].

@ {(e,},...,le,.)i —/-\%Z”f/)a a5 ,f"ﬁ .
| £ =jgé: Aij l’?j?

@ ) - Ba <l n
Ch l{>= % i (C;.IALK‘NJ"@?

0 =1dt!

SR o

L= 5=
Q
I duc ..jg:"v A Ask
2 A’Pr+ = o Qm}lwljj ﬁ+/} =] 751&;’ A s w),'bu-].

Normal operator
N js normal

F NNT= NTN .

C leor| ' . |
j.;-ferm%ﬁmﬂ An{j-hermf'b\on ond um'fz)rj OPQP&\EOH

are. normal operators.

|
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(Q“Si‘ tronsformodron * s

Coppose we  transfom from one orthnormo./ b sic

[ Je, - len?;l 162,y I} woing he
f

Ukm(o\/J operstoe -
n

N°W9 Jf() Ac], ]) ""’""@

J5 l
Stwose \Jectuy u> 5 prressed in the eovrlier bos 15
{Qq ,]Q,,)} a ond the tronsformed  bosis {Iﬁ} ,}-5,2}

0~s fallow
V> = i'lv B AZ’ U518

N? ZV}>

Whot is the yelabn be-i;ween -l:hQ oId and transfumed
coovdmw‘:@S

Now z Vs €7> Zm: 175(7

J=

7 Zu}') I> Giﬂ)Aq
h n v
5 3 (- 2 Alfvb)feﬁﬂo
=1 =

S}nqg the [)c»sis iﬂ Or‘thohoy'MoJ) S Q@Qh -ferm /‘}7
brockel 1S ZoiE

e \)] 2 A(.J'

.S'ar) ff \) = Vo V( — VLI' -thm V A V




What obout tcformation of gperatir metrix 7

Suppose b2 N>V

Lot SV = |W>b .
ufpose i old ',\rt";ri‘gf@nbﬁon, the motrix of M 15 SL

Now, <

WCY'} Q\/: W; \Nh

ere. \J an(’ w ore 'U)O Co’umn

motrices of old coardinates .

Y modi][ied wsﬂ?naie.r of the vectur are the co|umn motrices

o e v oand then ,
J'= AtV 9 V= A\/,
\N,’-'ﬁ'iw ?V\/’;AW( ! ‘
__O—G‘N’): Aw’
D wW'= Qﬂ‘ﬂ;\)\l’ [A s un-‘fwy, e
Thu-s, mabrixX c"tonjef from L © ATILA

&EORD oF CAUTLON
eroturs 6¥e obstract 0\7590"—'5 thet

optabon N~ 7;V€Vl orthorwmed
dronees when we shift the
remoth the same.

The vectue and of

Poyh'qu[w yepres
Qpr’e)‘en'\':ck'h.k)ﬂ
bebract objects

have o~
bosis. The ¥
Yosier (e G




@Qex\values and E/‘]C—n vec‘tUYS-‘7 @v}#lo))
I+ Qv = wlvy fir ssme |V € V ond scalor w,
V1S colled an e_;'jenvalue_ ond |V the Qorresyond/'i?]
€?jehvec-[:0r. |
If K s on arbitrey scalar,
_Q(os)v)) = vy =dwNy = ou(o(h,))
Thos, z|vy [r alse & corregfonlr)j efjenvecf'or\
All Qi gen ve cturs corrc's'}mnd:hj +n an ezjenvalue
form an ei9en space.

It (s non- Jejener«:tf’.

1f dim>(, it (€ egenerate.
N, 0 = wlv)

(L~ existy, operoting it an both sides
.,.,@*' | &, impussible cince WWp# /9.

acterfsti ¢ eq9" fr determim'f’]
y valv €S-



> (o )+ 16 |
IAN+A—6=0
QA== 200

El‘ju‘valu&f ﬁ, =35 7'1‘2 Ik,

=3
=5 A __9
( G ( 3
> —-Sfrt_y
=T +%y
“S.N\—\-?j—.: .
Ty = ? % y
S E;'jen\;ectors ore T (J', t 15 4n M{)l“b‘&-"j scolaw.

7!1_‘:.‘;2_




[Bd Comsiter 2= 5 g) (.Q:(R"——?\?D

= oI
7 b2 =
A= 62,1 (Dejenmt\?,);
A= 0
C,vrr’t'smn(hhj Ugmvect'o\r 't()

TBQ LOn(ﬁﬁQT!_S
Jefines o ensemble
Two —fuld Jegene
/' genspa.ce.

cf—vee't‘:ov‘s 0"“1’30!104 ko (0
"ids us ™ o dimen s ?\4



Lo (f 2) (2R -

s 4.@& l_(l—?bl)=o

o =
1[5 5]
20-2)(>-4) +1 =0
F A= datg=s

20— =o
IA= 3,3

a2

I 40 + g = K ’
- + QX QA

A
?—,—;;":- =)

)
~ Only one <igenvechr of the forry 20 B deeg
sron

e ¥ Jugan R*

R
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z re 0= [/ )(Fe’d/f() what-

oo-/
|

NOW L) ¥o |
Ore the Q'Jehva,ue_g an eljenvecfom’.

ik

IE An ovﬂ”w{nr s ”erm;bo.n NI lh’ eJJ?hvaJu es ove
rea.

<2 773 ybppo;e N[y = wlwy. 7 {wlQlwy = Mw/w)
o > foof 0t = {ovl o ,
Dl QT|wW) = {wil Wt [w>
= o* (w]w>‘
Mo tom w5 ret) Cotey =0 [ 0388
> {wl Q- .Q_”IW> =0
() = O, te. i herm/'(jM Frovfﬂ




Thw ) E}aenved‘ors of Noxmed eperator wilh digtine L

erjen vilwes ore dJifferept. (ppqu;ws to prove 1f N i
. Normal ong jf N[{AD =22

e B S0 )

Diolqanalization - |

Spectral theorem - I+ N is & nxn normed motrix, |e.
NNt = NTN then 3 an eijubasis In which IV

(s di&jonml. [NV =]

@ The 0™ dej‘ree po{yhom}a, 6%"/
IN-2I|=0 must hawe of fe o st

y —

one solatim e C.

SUfpo;e o ﬂ)luﬁon !'S 9&,. Lo;t (‘CT'YPYfOnd;};)j
ergenvector be Iy ie NI = 2,20 .

Consider the. vectur jsuﬁkice 1 b 2D
S 0 ‘ alf / <I (=
wppose | ap S horm-Lhr?'ec} to unity [ MY ﬂ_
If o bosis Of ‘7\,) IS {,PI>9---9’90~/>j)'U\M

DRy <Gl NI%Y =2 Lej [
=0
nlwiesy = (ntoylesy = B €

Since N 1s ﬂO\‘Mon N—?')\l>: 'h,“ I7\}>
? Ny )= Oy
<N+31, €J> = <7\/’7\Jej> = 2 (ﬂ,le])

=0
o 7‘|O°""O
oRE 6d. .. O
0 M




| T e j

| [ g = ‘ '\ 4
\ = G o & B a- .
NINT = /;U) A haa e 9,} 0
‘ : MM+ 2 ;o MTm
. N

NN*’N*N > MmT=MM, e
M is olso nmr'Moj

o ‘N( proéeed 'n this p«anner' angd we Q-L— ”\h
g‘)O\'H\ormoJ bosis of Qljenvecﬁ)d of l\?m wh%

N"d'kj (7’(’ NIy o 20) MMy g 5 An e MQ
Rigenvaluwes of -

— L nevmdd .
,..‘:L H two operatirs ore. Lonwmatl/\ ,/?

’ G- ﬁn?ﬂlﬂ-ll 'b'\ey or @ S‘/multa.neous J"o‘j()hojf‘—
ZCKMQ




Consider 1he vamj—-n\a SRONS
dl‘SPIo\ced l)j » and Ny from
TeSPecb‘Vdj. 8

Usinj I\IG_WW’S takws, I‘Q




'te”S AS thet W con
independent hormenmie 08

"2 ) e .»r;-«-»:" ; i
: 4 9 $O eqh: of N ke
each oth

+we

By = =m 7

thQpenJex\t of
in o pure Stote o (e
S > by s omount) gl
this. Similarly, o £\ |ef e
b they mec TN

adse keef ity “kﬁl
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Tp finite Dimensionol Vectur Space ]

Qo2 we howe o conbinuous |ine x, and of e acl
welve of n, velue of function J[n) i specificd.
We can approcimate f in 0. ronge [B,g ‘J bk;ﬁj
IMJQ ne. 0f disereto Jwihts P s g s
evduad\.nj A») ot each pont.

Ther, K> = ;f(g:;)

M and

'F('“ o)

0o
0
Bass vecturs ae B = (,’%fiﬂ’ ploce.
0

They sobisty @ lu) w5y = & (orthegon ality)
@ i' I'XLP (m;} =T (Comp)?ttneﬁ
L=
Thner profuct & {flg)> = Lz'f@) jh)

When we tend n—> o0 (ccn*t- )Jmi-t)_, vt Oppro och es
in'ﬁhig‘j. So, we Pe-define,

Ll &z = = £ ()q(x) 55
A = — O~

—

h+( k

o
&3 = [f"(%) glo)dn o5 naee.
b e
(Pl = ‘[If(m)] Ao




leads to i

The e°mr/e+enes~; Thale

f :»« y Culfan’
Now, l-f) fn)('»\’lﬁ&m |

Lt ’f<~x|-><=\’lf>ow’-
'?ut, é'ﬂ-fm'>-'—' 0 Meh '){%"1/.

| A1 € 5
{9 :f <‘,m,> <%ilf/>dm :

g

(m,-n’> 5(9\ 'x) ['D,mc de[fufw\\]




